We introduce a powerful method based on integral geometry and the Kac theorem for the spectrum of the Laplace operator to define the effective shape of an inclusion in a system made up of a distribution of arbitrarily shaped constituents. Reconstructing the microstructure using the effective inclusion shape leads to an excellent match to the percolation thresholds and to the mechanical and transport properties across all phase fractions. Use of the equivalent shape in effective medium formulations leads to good predictions. The method is verified for a sedimentary rock sample. DOI: 10.1103/PhysRevLett.91.215506 PACS numbers: 61.43.Gt, 47.55.Mh Predicting the relationship between morphology and physical properties (e.g., conductivity, elasticity, and permeability) of porous media is a long-standing problem of interest and importance to a range of applications from geophysics to materials science [1, 2] . Fundamental issues to be addressed include defining a set of morphological measures which allow one to quantitatively characterize morphology, optimally reconstruct model morphologies, and accurately predict material properties.
Predicting the relationship between morphology and physical properties (e.g., conductivity, elasticity, and permeability) of porous media is a long-standing problem of interest and importance to a range of applications from geophysics to materials science [1, 2] . Fundamental issues to be addressed include defining a set of morphological measures which allow one to quantitatively characterize morphology, optimally reconstruct model morphologies, and accurately predict material properties.
Standard methods for characterizing and reconstructing complex morphologies are based on statistical geometric data obtained from two-dimensional images of microstructure, namely, porosity, interfacial surface area, and the two-point correlation function [3] . More recently the chord length distribution [4] has been employed in the generation of 3D microstructural models [5] . These methods have been very instructive in understanding general properties of complex media, however, direct prediction of transport properties [6] from reconstructed samples have been in only fair agreement with experimental data. These standard methods base characterization and reconstruction primarily on geometrical information; there is no attempt to match the genesis of the material. Many porous materials (e.g., sedimentary rock, foamed materials, fractured materials) are built up by the successive addition of inclusions (grains, pores, or cracks) within a background phase [7] . These materials can be modeled by a Boolean process; building up of a phase via the overlap of permeable inclusions [Figs. 1(a) and 1(b)]. These materials, which can exhibit extremely complex morphologies, are commonly defined by an effective inclusion (pore or grain) size or size distribution. Because of the complexity of the morphology it is very difficult to define the true ensemble of inclusion size and shape.
The availability of 3D images has accelerated the development of computational tools to directly measure the stochastic nature of the porous materials and to construct realistic representations of the complex space [8, 9] . Here we show that an accurate stochastic reconstruction of a complex material made up of discrete pores or grains (inclusions) can be derived from a single 3D snapshot at any phase fraction. The method, based on integral geometry, allows one to define an effective local shape of an inclusion from any complex system made up of a distribution of arbitrary shaped constituents. The method requires no prior knowledge of the original ensemble of inclusion size and shape. Kac [10] showed that the short time behavior of the diffusion equation in a complex porous medium is governed by four additive measures defined by integral geometry. Here we show that a reconstructed porous medium based on the equivalent shape which honors these additive measures exhibits similar physical properties to the original system. Use of the equivalent shape in effective medium formulations leads to excellent predictions. The method is illustrated for a sedimentary rock sample.
The reconstruction method is based on Hadwiger's theorem [11] ; the global morphology of a two-phase complex material defined by the phase fraction , the surface to volume ratio S, the integral mean curvature H, and the genus is unique and forms the only motioninvariant and additive measure of structure. The method is also based on the result that the global morphology ; S; H; can be related to a Boolean process defined by local grains of volume (V 0 ), surface area (V 1 ), and integral mean curvature (V 2 ) at a density [12, 13] ;
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This result holds for any complex mixture of grains; V for an ensemble of n grains is given by averaged values V P n j1 p j V j , weighted by the probability of their occurrence. It also holds if the grains are correlated (hard-shell, soft-shell models) [14] . From a single 3D tomographic image or from a pair of two-dimensional serial sections of a complex material one can directly measure the global morphological parameters ; S; H;
by counting the numbers of voxels, faces, edges, and vertices on the image [15, 16] . From this measurement and Eq. (1) one can determine the local shape of an equivalent grain ensemble, V ; 0; 1; 2, and its density .
The method is first illustrated for the complex Boolean model shown in Fig. 1 . The grains are all of equivalent volume. As the full distribution of grains is known, one can use V P n j1 p j V j to derive the equivalent local grain shape for this ensemble.
Here we show that one can also predict V from a single 3D snapshot of this complex mixture of grains. We consider this system at a grain phase fraction p 50% within a volume of 1000 3 and measure the global morphological parameters S; H; [15] . Use of the four equalities in Eq. (1) allows one to derive the four unknowns; V im ; 0; 1; 2, and the density of an equivalent grain ensemble. The error in the prediction of the equivalent grain ensemble V im from the image, E jV ÿ V im j=V is minimal as shown in Table I . The error in the prediction of the equivalent shape is due to the use of discrete particle shapes and the finite system size. Small errors are also observed when deriving V im from images across the full range of p . As techniques regularly produce 3D images at scales of 1000 3 voxels, an accurate equivalent ensemble of grains can be derived from a single experimental image.
Having accurately derived the equivalent ensemble defined by V Table I ). One can then generate equivalent complex spheroidal mixtures across the range of p by simply varying the density of the Boolean process. Realizations of the original mixture at different p and its equivalent mixture are shown in Fig. 1 .
It has been previously shown [10] that the short time behavior of the diffusion equation is governed by the additive measures , S, H, and of a porous medium.
Here we show that a reconstructed material which honors these additive measures exhibits similar physical properties to the original system. We consider both the case where the equivalent inclusions are permeable solid grains (e.g., sintered bead packs, sandstones, cementbased materials) and when the inclusions correspond to a pore within a solid matrix (e.g., closed cell foam, fractured materials, carbonate or basalt rock).
The percolation threshold c of both phases is measured by determining c L for various lattices sizes L and using the scaling ansatz: c c L aL ÿb [1, 17] . The percolation thresholds of the grain phase (p) and the inverse phase (i), respectively, for the original five-grain system The conductivity calculation is based on a solution of the Laplace equation with periodic boundary conditions. We compare the effective conductivity e of the fivegrain system with its equivalent stochastic model at infinite contrast p : i 1:0 and p : i 0:1 in Fig. 2 . The match of the equivalent ensemble to the original fivegrain system is excellent in all cases and superior to a prediction based on spherical grains [18] . It is remarkable that one can generate the conductance curve across all phase fractions for both the particle and the inverse phases of a complex Boolean model from a single image at p 0:5.
We use a finite element method (FEM) [19] to estimate the elastic properties of the original and equivalent j=V from a single snapshot of the complex five-grain system on a lattice of (1000 3 ) at p 50% and from a Boolean system made up of grains of equivalent local shape. 
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week ending 21 NOVEMBER 2003 granular systems. The bulk and shear moduli of the solid phase are set to that of quartz; K s 37 GPa and G s 44 GPa. In Fig. 3 we show the simulation results for the original grain ensemble and the equivalent stochastic match. The agreement is again excellent for both 1:0 and 0:1 contrasts. The morphology defined by the single equivalent grain captures the relevant structural aspects which determine the mechanical properties of the twophase material at infinite contrast.
Obtaining the results summarized in Figs. 2 and 3 required significant computational resources. Theoretical formulations would make the integral geometric technique more widely applicable. As an effective grain has been defined within the reconstruction method, we consider an effective medium theory. For the elastic behavior of porous materials two theories are often applied as they always lie within rigorous bounds; the self-consistent (SC) theory and the differential effective medium (DEM) theory [20] . We consider DEM [21] , a good model for materials with porous inclusions such as glass foams, vuggy carbonates, and oceanic basalts [22] defined by
where M s and M DEM are, respectively, the solid and effective moduli and S M are shape factors given in [23] . In most DEM formulations for materials with porous inclusions the equivalent pore shape S M either is assumed to be spherical or is defined a posteriori to give a match to experimental data. We use the effective pore shape derived from integral geometric considerations as an a priori prediction of S M within the DEM formulation and compare to predictions based on spherical inclusions in Fig. 3 . The DEM with the amended shape leads to improved predictions. Conventional DEM can be modified to incorporate percolation behavior by taking the material at the critical phase fraction as one of the constituents of the two-phase composite [24] . We show in Fig. 3 the prediction of this modified DEM model using the equivalent local pore shape -the match is good.
This result has the potential to greatly improve predictions of complex multiphase materials based on effective medium methods. We consider an application in petroleum engineering, the prediction of the macropore or vuggy porosity within carbonate rocks. The presence of vugs can lead to enhanced recovery and improved flow properties. Current methods use shear modulus measurements from well logs to estimate the proportion of porosity due to vugs [25] . When interpreting the shear modulus measurements, vugs are assumed to be spherical in shape and predictions are based on the SC effective medium theory [25, 26] . We have used microtomography to image a 4 cm 4 cm 1:5 cm reservoir carbonate core at the vug scale ('50 m) resolution. A total of 30 000 separate vugs are identified [ Fig. 4(a) ], a broad size distribution is measured [ Fig. 4(b) ], and deviations from spherical shapes are measured. From the image we derive the equivalent local grain morphology; The method for determining the vuggy porosity in carbonate rock formations is based on the deviation in the shear modulus from the characteristic behavior of the shear modulus curve derived from SC theory [25, 26] . We use both the original and the equivalent vug distributions to simulate the variation in shear modulus with vug porosity in the range 0 < vug < 50% (Fig. 5) . We show the error in using the SC theory for spherical vugs as the reference prediction for the shear modulus. The improved estimate of the shear modulus across all phase fractions based on modified DEM theory will lead to improved predictions of macropore fraction and ultimately oil recovery. M. A. K. thanks the ARC, APAC, Statoil Research, and the CRC-FCS for financial support. K. R. M. acknowledges support from DFG Grant No. Me1361/6(7). 
